Abstract. Non-product networks are extremely difficult to analyze, so they are often solved by approximate methods. However, it is indispensable to delimit the domain wherever these approximations are justified. Our goal in this paper is to prove the applicability of the strong stability method to the queueing networks in order to be able to approximate non-product form networks by product ones. Therefore, we established the strong stability of a Jackson network M/M/1 → M/M/1 (ideal model) under perturbations of the service time distribution in the first station of a non-product network M/GI/1 → GI/M/1 (real model).
Introduction
Queueing networks comprise a very useful class of models that have been extensively applied in the last decades as a powerful tool for modelling, performance evaluation and prediction of systems as well as production and manufacturing systems, communication networks, computer systems, etc. [10, 15] .
The important contribution of queueing networks theory is that, under certain assumptions, it allows one to obtain a simple exact solution for the joint queue length distribution as the product of the distributions of the single queues with appropriate parameters and, for closed networks, with a normalization constant.
This famous product form was introduced by Jackson [17] for opening exponential networks and Gordon-Newell [14] for closed exponential networks. This class of models was then extended to BCMP 1 networks [4] , which include open, closed or mixed networks with multiple classes of customers and various disciplines and service time distributions. More recently, further researches have been devoted to extending and characterizing the class of product form networks which result in networks with positive and negative customers [13] . However, the class of this kind of queueing networks is rather small. For a recent contribution in the product networks see, for example, [5, 30] .
The non-product form networks are extremely difficult to analyze. A great deal of effort has been devoted to establishing approximate methods for these networks, such as decomposition methods, mean value methods, isolation methods, diffusion methods, aggregation methods, and many other numerical methods [6, 20, 21, 22, 23, 27, 31, 32] . In this paper, we are interested in the method which consists in substituting a non-product form network (real model) by a product one (ideal model). When this substitution is performed, the stability problem arises; then it is indispensable to delimit the domain wherever the ideal queueing networks can be taken as a good approximation.
Stability analysis of queueing networks have received a great deal of attention recently [16, 26, 28, 29] . This is partly due to several examples that demonstrate that the usual conditions "traffic intensities less than one at each station" are not sufficient for stability, even under the well-known FIFO politics. Methods for establishing the stability of queueing networks have been developed by several authors, based on fluid limits [11] , Lyapunov functions [12] , explicit coupling (renovating event and Harris chains), monotonicity, martingales, large deviations, etc. The actual needs of practice require quantitative estimations in addition to the qualitative analysis (stability), so in the beginning of the 1980s, a quantitative method for studying the stability of stochastic systems, called strong stability method (also called method of operators) was elaborated [3] (for full particulars on this method we refer to [19] ). This method is applicable to all operation research models which can be governed by Markov chains. The applicability of this method to queueing systems has been proved considering the perturbation of the following parameters: the arrivals flows [2] , the service time [7] , the service intensity [1] , the retrial flow [8] and demand distribution in an (R, s, S) inventory model [24] .
Certainly, numerous efficient approximation methods for queueing networks have therefore been developed over the last decades. However, these methods are not supported by analytic formal errors bounds but just by extensive numerical results. Furthermore, the approximations are usually computationally complex, and therefore many become less practical for engineering.
In the cases of queueing systems, using the strong stability method allows us to obtain simple bounds upon modifying the original complex (real) system by a simple (ideal) one. For the formal proof of these bounds see [18] and practical cases were studied in [9, 25] . Now, our aim is to enlarge the applicability area of this method to the queueing networks in order to exploit the famous product form to study complex queueing networks. As a first attempt, we prove in this paper the strong stability of a Jackson network M/M/1 → M/M/1 under perturbation of the service time distribution in the first station of an M/GI/1 → GI/M/1 network.
Preliminaries and notation
Consider a simple Jackson network R 1 consisting of two queues in tandem as is illustrated in Figure 1 .
The arrival flows to the two stations A and B are Poisson with an equal parameter λ. The service time is exponentially distributed with parameter µ 1 (resp. µ) in the station A (resp. B).
We denote by X(t) (resp. Y (t)) the random variable representing the number of customers in the station A (resp. B) at the moment t. The R 1 behavior is described by the two-dimensional process (X n , Y n ). Since the external arrivals are Poisson and the service time distributions are exponential, the Chapman-Kolmogorov equations are easily obtained. Thus, if the following geometric ergodicity condition of this queueing network:
is satisfied, the stationary distribution will be given by the product form:
where
is the marginal distribution of the station A (resp. B). Consider the two tandem queues R 2 shown in Figure 2 .
The first station of this network has an exponential distribution of the inter-arrivals with the same parameter λ as in R 1 and a general service time distribution H. On the other hand, the second station have a general distribution of inter-arrival F and an exponential distribution of service time E µ with parameter µ.
The R 2 behavior is described by the two-dimensional process (X n , Y n ), where X n (t) (resp. Y n (t)) is the random variable which represents the number of customers in the station C (resp. D) at the moment t.
We use the following notation:
the moment just after departure of an n th customer from the station C (resp. A).
• a n (resp. a n ): the arrival time of an n th customer to the station D (resp. B).
: the number of customers in the station D (resp. B) at the moment a n (resp. a n ).
Remark 2.1. Since in the two considered networks, the customers head for the second station immediately after their departure from the first station, d + n (resp. d + n ) can be regarded as the moment a n (resp. a n ). So to unify the notation, we denote this moment I n (resp. I n ).
Fundamental definitions and theorems
In this section, we will survey some fundamental results of the strong stability theory that will be used afterwards in this work. We consider a Markov chain X = (X t ) t≥0 with a transition kernel P and a unique stationary probability measure π. Definition 3.1. The Markov chain X is strongly stable with respect to the norm · if each neighboring stochastic kernel Q (i.e. Q − P < ε) admits a unique stationary probability ν and ν − π → 0 as Q − P → 0.
Consider the σ-algebra ε = ε 1 × ε 1 , where ε 1 is the σ-algebra generated by the countable partition of N. In the space mε of finite measures on ε, we define the following norms:
where v is a measurable function on N × N, bounded below by a positive constant, not necessarily finite. If a Markov chain X is strongly stable with respects to the norm · v , defined by formula (3), it is called v-stable. These norms induce the corresponding norms in the space fε of bounded measurable functions on N × N:
Moreover, in the space of linear operators, these norms induce the norms
We associate to each transition kernel Q the linear mapping Q : fε → fε defined by 
The v-stability of the M/M/1 → M/M/1 network
In this section, we intend to prove the strong stability of a Jackson network with two tandem stations under perturbation of the service law of the first station.
First, we define the corresponding transition kernels in the two queueing networks R 1 and R 2 considered. 
is defined by:
q kl , and
Proof. Consider the following random variables:
A n : the number of arrivals to the networks during the n th service of the first station. ∆ n : the number of customers served in the first station during the n th service of the first station. We have X n+1 = X n − ∆ n + A n+1 . We consider the random variable S n : the number of customers served in the second station of the network between the two moments I n and I n . Thus, we obtain Y n+1 = Y n + 1 − S n . X n+1 depends only on the variable X n , and Y n+1 depends just on Y n . As a result, V n = (X n , Y n ) is a Markov chain. We have
Lemma 4.2. The double sequence V n = (X n , Y n ) forms a homogeneous Markov chain with state space N × N, whose transition kernel
and
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Proof. Consider the following random variables:
A n : the number of arrivals to the networks during the n th service of the first station. ∆ n : the number of customers served in the first station during the n th service of the first station. It is clear that X n+1 = X n − ∆ n + A n+1 . Moreover, we consider the random variable S n : the number of customers served in the second station of the network between the two moments I n and I n+1 . Thus, we obtain Y n+1 = Y n + 1 − S n . X n+1 (resp. Y n+1 ) depends only on the variable X n (resp. Y n ). As a result, V n = (X n , Y n ) is a Markov chain. We have
, and
We suppose that the service law of the station A in the network R 1 is close to the exponential distribution with parameter µ 1 . Now, in order to established the strong stability of the Markov chain (V n ), we apply Theorem 3.1 with the test function:
where γ and β are constants such that
Let α be a sequence of product measures defined by:
Moreover, we consider the measurable function h defined by
The sequence of measures and the measurable function introduced above satisfy the conditions required in Theorem 3.1:
where π is the stationary distribution of the studied Jackson network R 1 and π (A) (resp. π (B) ) is the stationary distribution of the A (resp. B) queue.
Lemma 4.3. The operator T associated with the Markov chain V n is non-negative.
Proof.
Thus, the kernel T i,k (j, l) is non-negative.
Lemma 4.4. Suppose the geometric ergodicity condition is satisfied for the Jackson network considered:
the following inequality holds:
Proof. In the calculus of Tv(i, k), we distinguish four cases.
Case 1 (i = 0, k = 0). We have
where T 0,0 (j, l) = 0 for all j ≥ 0 and for all l ≥ 0.
and ρ 1 can be any positive number, particularly a number less than 1.
Case 2 (i = 0, k > 0). We have
where T 0,k (j, l) k>0 = 0 for all j ≥ 0 and for all l ≥ 0.
So,
because β > 1, by assumption. So it is sufficient to take ρ 2 = 1/β, and we will have
Case 3 (i > 0, k = 0). We have
As a result, we obtain
We put
Thus, we have
To satisfy the third condition of Theorem 3.1, we must have ρ 3 < 1. So, we impose the following condition for β:
By assumption, 1 < γ < µ 1 /λ. So, we show that
It is sufficient to take β such that
then ρ 3 is less than 1, and we have
Case 4 (i > 0, k > 0). We have
To have ρ 4 < 1, it is enough that β < γ(λ + µ 1 − γλ)/µ 1 . Yet, we have as assumption 1 < γ < µ 1 /λ, so γ(λ + µ 1 − γλ)/µ 1 > 1. Therefore, it is sufficient to take
So, the third condition of Theorem 3.1 is satisfied.
From the four cases, we conclude that it is necessary to have 1 < γ < µ 1 λ and
So, we obtain
Lemma 4.5. The transition kernel Q of the Markov chain V n is bounded:
Proof. We have So,
Thus, we obtain (15) Q v ≤ ρ + γ < +∞.
All the conditions required in Theorem 3.1 are satisfied, so we have the following result. 
Conclusion
This work is a first attempt to prove the applicability of the strong stability method to the queueing networks. We have obtained the conditions under which the imbedded Markov chain of the Jackson networks M/M/1 → M/M/1 is strongly stable under perturbation of the service law of the first station in the M/GI/1 → GI/M/1 network. This means that it is possible to approximate the stationary and non-stationary characteristics of the non-product network M/GI/1 → GI/M/1 by the corresponding characteristics of the studied Jackson network.
The results obtained in this work allow us to view the applicability of the strong stability approach to the whole set of product-networks.
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